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Abstract
We consider two new classes of twisted D=4 quantum Poincare´ symmetries
described as the dual pairs of noncocommutative Hopf algebras. Firstly we inves-
tigate a two-parameter class of twisted Poincare´ algebras which provide the ex-
amples of Lie-algebraic noncommutativity of the translations. The corresponding
associative star-products and new deformed Lie-algebraic Minkowski spaces are
introduced. We discuss further the twist deformations of Poincare´ symmetries
generated by the twist with its carrier in Lorentz algebra. We describe corre-
sponding deformed Poincare´ group which provides the quadratic deformations of
translation sector and define the quadratically deformed Minkowski space-time
algebra.
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1 Introduction
In the last decade there were found arguments based on quantum gravity [1, 2] and
string theory [3, 4], which lead to the following noncommutative space-time coordinates
(see e.g. [5])
[xˆµ, xˆν ] =
1
κ2
θµν (κxˆ) , (1.1)
where κ is a masslike parameter, and
θµν (κxˆ) = θ
(0)
µν + κθ
(1) ρ
µν xˆρ + κ
2θ(2) ρτµν xˆρxˆτ + . . . . (1.2)
The introduction of noncommuting relativistic coordinate space (1.1) (θµν 6= 0) imply
that
i ) There appears in the theory the fundamental geometric mass parameter κ, which
further can be identified with Planck mass.
ii ) In the theory one must introduce the collection of numerical dimensionless con-
stant tensors θ
(k) ρ1...ρk
µν (k = 0, 1, 2 . . . ) .
If we do not modify the classical relativistic (Poincare´) symmetries, these constant ten-
sors break the Lorentz invariance. However, one can introduce the quantum deformation
of relativistic symmetries in such a way, that the particular form of the commutator
(1.1) remains covariant.
The new quantum symmetry leaving invariant the simplest form of the eq. (1.1)
(θµν = θ
(0)
µν ) was discovered recently in [5]-[10]. It has been shown that the non-vanishing
commutator of space-time coordinates
[xˆµ, xˆν ] =
i
κ2
θ(0)µν , (1.3)
is covariant if we consider the Poincare´ symmetries as described by a Hopf algebra and
modify the Lorentz coalgebra sector through the following twist factor
Fθ = exp
i
2κ2
( θµν(0) Pµ ∧ Pν ). (1.4)
In such a way one gets the twisted Poincare´-Hopf structure with classical Poincare´
algebra relations and modified coproducts of Lorentz generators Mµν
∆θ(Pµ) = ∆0(Pµ),
∆θ(Mµν) = Fθ ◦ ∆0(Mµν) ◦ F
−1
θ
= ∆0(Mµν)−
1
κ2
θρσ(0)[(ηρµPν − ηρν Pµ)⊗ Pσ (1.5)
+Pρ ⊗ (ησµPν − ησνPµ)] ,
1
where ∆0(gˆ) = gˆ ⊗ 1 + 1⊗ gˆ and (a⊗ b) ◦ (c⊗ d) = ac⊗ bd.
The dual θ
(0)
µν -deformed Poincare´ group was firstly constructed some years ago [11]
and rediscovered recently [7]. Its algebraic sector looks as follows
[aˆµ, aˆν ] = −
i
κ2
θρσ(0)(Λˆ
µ
ρ Λˆ
ν
σ − δ
µ
ρ δ
ν
σ) , (1.6)
[Λˆµτ , Λˆ
ν
ρ] = [aˆ
µ, Λˆνρ] = 0 , (1.7)
and the coproducts remain classical
∆(aˆµ) = Λˆµν ⊗ aˆ
ν + aˆµ ⊗ 1 , ∆( Λˆµν) = Λˆ
µ
ρ ⊗ Λˆ
ρ
ν . (1.8)
We see easily that the noncommutative space-time (1.3) can be obtained by putting
Λˆµν = 0 in the deformed translation sector (1.6).
The twist (1.4) provides an example of a ”soft” or Abelian deformation2, with the
classical r-matrix
r =
1
2κ2
θµν(0) Pµ ∧ Pν , (1.9)
having the Abelian carrier algebra [Pµ, Pν ] = 0. We recall that the classification of all
D = 4 Poincare´ algebra r-matrices satisfying classical Yang-Baxter equation (CYBE)
are known [12].
An arbitrary D = 4 Poincare´ classical r-matrix can be split as follows
r =
1
2
θµνρσ(2) Mµν ∧Mρσ +
1
2κ
θµνρ(1) Pµ ∧Mνρ +
1
2κ2
θµν(0) Pµ ∧ Pν , (1.10)
where the numerical parameters θµνρσ(2) , θ
µνρ
(1) , θ
µν
(0) are dimensionless and (see table 1 in
[12] ) they are determined by the appropriate conditions.3
In this paper we shall consider the following two classes of twist deformations:
a) Lie-algebraic deformations.
One can choose
θµνρ(1) = ǫ
µνρτvτ , θ
µνρτ
(2) = θ
µν
(0) = 0 , (1.11)
where the indices (ν, ρ) are fixed and vτ is a numerical four-vector with two non-
vanishing components.
In such a case, the classical r-matrix describes ”soft” or Abelian deformation
with carrier algebra described by three commuting generators Mαβ , Pǫ, (ǫ 6=
α, β; α, β fixed). The twist function is given by the formula
F(1) = exp
1
κ
fζ = exp
i
2κ
(ζλ Pλ ∧Mαβ) , (1.12)
2Such a deformation is sometimes called of Reshetikhin type, following twisting procedure for Lie
algebras with twist factors having the carrier in Cartan subalgebra (see [13]).
3For example if θµνρσ(2) = θ
µνρ
(1) = 0 the antisymmetric matrix θ
µν
(0) can be arbitrary.
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where the vector ζλ = θλαβ(1) has vanishing components ζ
α, ζβ. In particular the
twist (1.12) for the special choices {Mαβ = M03, ǫ = 1, 2} and {Mαβ = M12, ǫ =
0, 3} has been discussed some time ago in [14].
b) Quadratic deformations.
We choose
r =
1
2
θαβγδ(2) Mαβ ∧Mγδ (1.13)
where θαβγδ(2) = −θ
βαγδ
(2) = −θ
αβδγ
(2) = −θ
γδαβ
(2) and the indices α, β , γ , δ are all
different and fixed. The corresponding twist factor is given by the formula
F(2) = exp
i
2
ζ Mαβ ∧Mγδ , (1.14)
where ζ = θαβδγ(2) is a numerical parameter.
We add here that because the carrier algebra for both twist functions (1.12) and
(1.14) is Abelian they satisfy the cocycle condition (see Sect. 2, Eq. (2.5)) which implies
the associativity of the considered noncommutative structures.
The aim of this paper is to investigate the relativistic symmetries modified by the
twists (1.12), (1.14) and corresponding noncommutative Minkowski spaces. In such a
way we obtain the two-parameter family of new deformed space-times with Lie-algebraic
noncommutativity structure, as well as noncommutative Minkowski spaces defined by
quadratic relations. We observe here also that our results in the case of quadratic
relations should be contained as isomorphic algebraic structures in general list of possible
quantum orthogonal groups and deformed Minkowski spaces as their quantum cosets
(see [15] and [16], Appendix A). Our advantage over previous results which also provided
link between star-products and the linear/quadratic quantum space commutators (see
e.g. [17] ) follows from more efficient starting point based on twisted Hopf-algebraic
space-time symmetries. In such a way we obtain together the noncommutative space-
time structure as well as the covariance of the deformed space-time algebra.
The paper is organized as follows: In Sect. 2 we describe the Hopf-algebraic form
of twisted quantum Poincare´ algebra and quantum Poincare´ group which are obtained
by application of the twist (1.12). In Sect. 3 we introduce corresponding associative
star products and discuss the quantum Minkowski space as the representation (Hopf
algebra module) of the deformed relativistic symmetries. In such a way the algebraic
relations defining quantum Minkowski space follows as covariant under the action of
twisted Poincare´ algebra. Further we shall compare the presented quantum space-time
algebra with the κ-deformation providing known particular example of Lie-algebraic
deformation of the Minkowski space. In Sect. 4 we shall discuss the quadratic noncom-
mutativity of space-time coordinates, described by θµνρσ(2) 6= 0. Using the twist generated
by the first term of the general formula (1.10) (see (1.14)) we shall define corresponding
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twist-deformed Poincare´ group as well as the deformed Minkowski space represented
by the translation sector. The noncommutative associative star product provides new
quadratic deformation of four-dimensional space-time. We show that the deformed
Minkowski space interpreted as the translation sector of quantum Poincare´ group and
as the Hopf module of twisted Poincare´ algebra provide the same formulae. In Sect. 5
we shall provide an outlook. Following recent proof in [18] any twist satisfying cocycle
condition permits to define associative noncommutative star product. One can discuss
therefore along the lines of this paper also many ”nonsoft” twist deformations of rel-
ativistic symmetries, described by the twist factors of Jordanian [19] and generalized
Jordanian [20, 21] type.
2 Deformed Twisted Poincare´ Algebra and
Poincare´ Group - Lie-algebraic case
Let us start from the classical Poincare´ Hopf algebra U(P) described by the algebra
[Mµν ,Mρσ] = i (ηµσ Mνρ − ηνσ Mµρ + ηνρMµσ − ηµρMνσ) ,
[Mµν , Pρ] = i (ηνρ Pµ − ηµρ Pν) , (2.1)
[Pµ, Pν ] = 0 ,
the following coalgebraic sector
∆0(Pµ) = Pµ ⊗ 1 + 1⊗ Pµ , ∆0(Mµν) = Mµν ⊗ 1 + 1⊗Mµν , (2.2)
with the counits
ǫ(Mµν) = ǫ(Pµ) = 0 , (2.3)
and the antipodes
S0(Pµ) = −Pµ , S0(Mµν) = −Mµν . (2.4)
We define twist F as an element of U(P) ⊗ U(P) which has an inverse, satisfies the
cocycle condition
F12 (∆0 ⊗ 1) F = F23 (1⊗∆0) F , (2.5)
and the normalization condition
(ǫ⊗ 1)F = (1⊗ ǫ)F = 1 , (2.6)
where F12 = F ⊗1 and F23 = 1⊗F . It is known, that F does not modify the algebraic
part (2.1) and the counit, but changes the coproducts (2.2) and the antipodes (2.4) as
follows (see e.g. [14])
∆F(a) = F ◦ ∆0(a) ◦ F
−1 , (2.7)
SF(a) = U S0(a)U
−1 , (2.8)
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where due to (2.5) the coproduct ∆F is coassociative, U =
∑
f(1)S(f(2)) (we use
Sweedler’s notation F =
∑
f(1) ⊗ f(2)). It should be stressed that in such a way we
obtain for any choice of the twist F the quasitriangular Hopf algebra (see e.g. [22]).
In the case of the twist (1.12), according to (2.7), one gets
∆(Pµ) = ∆0(Pµ) + (−i)
γ sinh(iγξλPλ) ∧ (ηαµPβ − ηβµPα) (2.9)
+ (cosh(iγξλPλ)− 1) ⊥ (ηααηαµPα + ηββηβµPβ) ,
∆(Mµν) = ∆0(Mµν) +Mαβ ∧ ξ
λ (ηµλPν − ηνλPµ) (2.10)
+ i [Mµν ,Mαβ ] ∧ (−i)
γ sinh(iγξλPλ)
+ [[Mµν ,Mαβ ] ,Mαβ] ⊥ (−1)
1+γ(cosh(iγξλPλ)− 1)
+ Mαβ(−i)
γ sinh(iγξλPλ) ⊥ ξ
λ (ψλPα − χλPβ)
+ ξλ (ψληααPβ + χληββPα) ∧Mαβ(−1)
1+γ(cosh(iγξλPλ)− 1) ,
where, in the above formulas a ∧ b = a⊗ b− b⊗ a, a ⊥ b = a⊗ b+ b⊗ a,
ξλ =
ζλ
2κ
, ψλ = ηνληβµ − ηµληβν , χλ = ηνληαµ − ηµληαν ,
and γ = 0 when Mαβ is a boost or γ = 1 for a space rotation. We would like to point
out that for two of the momenta the coproducts remain primitive, i.e.
∆(ζµPµ) = ∆0(ζ
µPµ) . (2.11)
By using (2.8) one can also check, that the antipode is classical
Sζ(Pµ) = −Pµ , Sζ(Mµν) = −Mµν . (2.12)
The relations (2.1), (2.3), (2.9), (2.10) and (2.12) describe the twist-deformed Hopf
Poincare´ algebra Uζ(P) with the deformation parameters ξ
λ proportional to the inverse
of fundamental mass parameter κ. Let us note that in the limit ξλ → 0 (equivalent to
ζ → 0 or κ→∞) from a such deformed algebra we recover the classical limit, i.e. the
Hopf structure of classical enveloping Poincare´ algebra. Moreover, by straightforward
calculation one can show that Uζ(P) is real with respect the conjugation relations gˆ
∗ = gˆ
if (ζµ)∗ = ζµ.
The real Hopf algebra Uζ(P) is characterized by the universal R(1)-matrix
R(1) = F
T
ζ F
−1
ζ = exp(−
2
κ
fζ) , (a⊗ b)
T = b⊗ a , (2.13)
which can be used for the description of 10-generator ζλ-deformed Poincare´ group.
Using the 5× 5 - matrix realization of the Poincare´ generators
(Mµν)
A
B = δ
A
µηνB − δ
A
νηµB , (Pµ)
A
B = δ
A
µδ
4
B , (2.14)
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we can show that in (2.13) only the term linear in 1/κ is non-vanishing
R(1) = 1⊗ 1−
i
κ
ζλPλ ∧Mαβ . (2.15)
To find the matrix quantum group which is dual to the Hopf algebra Uζ(P) we
introduce the following 5× 5 - matrices
Tˆ AB =
(
Λˆµν aˆ
µ
0 1
)
, (2.16)
where Λˆµν parametrizes the quantum Lorentz rotation and aˆ
µ denotes quantum trans-
lations. In the framework of the FRT procedure [23], the algebraic sector of such a
group is described by the following relation
R(1)Tˆ1Tˆ2 = Tˆ2Tˆ1R(1) , (2.17)
while the composition law for the coproduct remains classical
∆(Tˆ AB) = Tˆ
A
C ⊗ Tˆ
C
B , (2.18)
with Tˆ1 = Tˆ ⊗ 1, Tˆ2 = 1 ⊗ Tˆ and quantum R(1)-matrix given in the representation
(2.14).
In terms of the operator basis (Λˆµν , aˆ
µ) the relations (2.17) can be written as follows
[aˆµ, aˆν ] =
i
κ
ζν(δµαaˆβ − δ
µ
βaˆα) +
i
κ
ζµ(δνβaˆα − δ
ν
αaˆβ) , (2.19)
[aˆµ, Λˆνρ] =
i
κ
ζλΛˆµλ(ηβρΛˆ
ν
α − ηαρΛˆ
ν
β) +
i
κ
ζµ(δνβΛˆαρ − δ
ν
αΛˆβρ) , (2.20)
[Λˆµν , Λˆ
ρ
τ ] = 0 , (2.21)
while the coproduct (2.18) takes the well known primitive form
∆ (Λˆµν) = Λˆ
µ
ρ ⊗ Λˆ
ρ
ν , ∆(aˆ
µ) = Λˆµν ⊗ aˆ
ν + aˆµ ⊗ 1 . (2.22)
Moreover, one can check by straightforward calculations that the above structure to-
gether with the classical antipode
Sζ(Λˆ
µ
ν) = −Λˆ
µ
ν , Sζ(aˆ
µ) = −Λˆµν aˆ
ν , (2.23)
and the counit
ǫ(Λˆµν) = δ
µ
ν , ǫ(aˆ
µ) = 0 , (2.24)
define *-Hopf algebra equipped with the following *-involution
(aˆµ)∗ = aˆµ , (Λˆµν)
∗ = Λˆµν . (2.25)
The relations (2.19) - (2.25) describe the real ζλ-deformed Poincare´ quantum group Gζ
with noncommutative translations aˆµ.
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3 New Lie-algebraic Quantum Minkowski Spaces
covariant under twisted Poincare´ symmetries
In previous section we introduced the class of quantum relativistic symmetries, described
by dual pairs of Hopf algebras: quantum Poincare´ algebras and quantum Poincare´
groups. If we know the quantum relativistic symmetry in its Hopf algebraic form, the
deformed Minkowski space can be introduced in two ways:
i )As the translation sector of quantum Poincare´ algebra.
ii ) As the quantum representation space (a Hopf module) for quantum Poincare´
algebra, with the action of the deformed symmetry generators satisfying suitably
deformed Leibnitz rules [24, 5, 6].
In the case of constant tensor θµν(κxˆ) = θ
(0)
µν the translation algebra (1.6) is not
identical with (1.3) - the additional Λˆµν -dependent terms are needed for satisfying the
coproduct formulae (1.8) as homomorphisms. The aim of the first part of this chapter
is to show that for the twist (1.12) these two ways of obtaining deformed Minkowski
space lead to the same result.
Let us consider firstly the case of standard Poincare´ symmetries acting on classical
Minkowski spaceM with space-time coordinates xµ. In the case of commutative algebra
A of functions f(x) we have the representation of U(P) generated by the standard
realization of Poincare´ algebra
Pµ ✄ f(x) = i∂µf(x) , Mµν ✄ f(x) = i (xµ∂ν − xν∂µ) f(x) . (3.1)
The action (3.1) on classical space-time coordinates looks as follows
Pµ ✄ xρ = iηµρ , Mµν ✄ xρ = i (xµηνρ − xνηµρ) . (3.2)
Additionally, the action of U(P) on algebra A is consistent with the trivial coproducts
(2.2), (2.4). As a consequence, for any element h ∈ U(P) we have the classical symmetric
Leibniz rule
h✄ ω (f(x)⊗ g(x)) = ω ◦ (∆0(h)✄ f(x)⊗ g(x)) , (3.3)
with the commutative multiplication ω of classical functions ω◦(f(x)⊗g(x)) = f(x)g(x).
The algebraic properties of the twist-deformed Minkowski space can be derived from
the consistency of new noncommutative multiplication in algebra A with the twisted
coproduct (2.9), (2.10) (see [24, 25]). Assuming that any element h from twisted Hopf
algebra acts by deformed Leibniz rule on A as follows
h✄ ωF (f(x)⊗ g(x)) = ωF (∆F (h)✄ f(x)⊗ g(x)) , (3.4)
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one can find a new noncommutative associative ⋆ - product
f(x) ⋆ g(x) := ωF (f(x)⊗ g(x)) = ω ◦
(
F−1 ✄ f(x)⊗ g(x)
)
. (3.5)
According to (3.1) and (3.5) for the twist (1.12) we have
f(x) ⋆ g(x) = ωζ (f(x)⊗ g(x)) = ω ◦ (e
i
2κ
ζλ∂λ∧(xα∂β−xβ∂α)f(x)⊗ g(x)) . (3.6)
Specifically, using (3.2) and (3.6) one can now compute the commutator for ζλ-deformed
Minkowski space coordinates. Because
xµ ⋆ xν = xµ xν +
i
2κ
ζν(ηαµxβ − ηβµxα) +
i
2κ
ζµ(ηβνxα − ηανxβ) , (3.7)
xν ⋆ xµ = xν xµ −
i
2κ
ζν(ηαµxβ − ηβµxα)−
i
2κ
ζµ(ηβνxα − ηανxβ) , (3.8)
we get
[xµ, xν ]⋆ = xµ ⋆ xν − xν ⋆ xµ =
i
κ
ζν(ηαµxβ − ηβµxα) +
i
κ
ζµ(ηβνxα − ηανxβ) . (3.9)
The commutation relations (3.9) describe the Lie-algebraic deformation Mζ of the
Minkowski space, which is the module (noncommutative representation) of the Hopf
algebra Uζ(P). Comparing with (2.19) we see that one can identify the deformed
Minkowski space with the translation sector of the quantum group Gζ . The relations
(3.9) can be written in more compact form as follows
[xµ, xν ]⋆ = C
ρ
µνxρ , (3.10)
where the constants
Cρµν =
i
κ
ζµ(ηβνδ
ρ
α − ηανδ
ρ
β) +
i
κ
ζν(ηαµδ
ρ
β − ηβµδ
ρ
α) , (3.11)
are the particular examples of the Lie algebra structure constants and provide a special
example of the relations (1.1).
The relation (3.10) for another choice of Lie structure constants describes also the
so-called κ-deformed Minkowski space which in its more general form depends on the
constant four-vector in the following way [26]
Cρµν =
i
κ
ζµδ
ρ
ν −
i
κ
ζνδ
ρ
µ . (3.12)
The standard choice of κ-deformation defining κ-deformed Minkowski space is obtained
if ζµ = (1, 0, 0, 0).
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The space-time algebra (3.10) can be written in a form recalling κ-deformed
Minkowski space relations
[xα, xλ]⋆ =
i
κ
ζληααxβ , [xβ, xλ]⋆ = −
i
κ
ζληββxα , (3.13)
where ζα = ζβ = 0.
Let us now provide the covariance of relations (3.10) with respect the action of
the algebra Uζ(P). According to (3.4) the action of ζ
λ-deformed algebra on product
f(x) ⋆ g(x) is given by
gˆ ✄ ωζ (f(x)⊗ g(x)) = ωζ (∆ζ(gˆ)✄ (f(x)⊗ g(x))) , (3.14)
where gˆ = (Pµ,Mµν). In order to show the quantum covariance (3.10) we choose
gˆ = Mµν , consider special case f(x) = xρ , g(x) = xσ and use (3.14). In such a way, we
get
Mµν ✄ (xρ ⋆ xσ) = ωζ (∆ζ (Mµν)✄ (xρ ⊗ xσ)) (3.15)
= i
(
ηµρf
s
νσ − ηνρf
s
µσ + ηµσf
s
νρ − ηνσf
s
µρ
)
+
1
2
Mµν ✄ C
λ
ρσxλ ,
where f sρσ =
1
2
(xρ ⋆ xσ + xσ ⋆ xρ) hence we have
Mµν ✄ [xρ, xσ]⋆ = Mµν ✄ C
λ
ρσxλ . (3.16)
We see therefore that the relation (3.10) is the same, with unchanged values of numerical
coefficients, in any twist-deformed Lorentz frame.
4 New Twisted Poincare´ Group and Quadratic
Quantum Minkowski Spaces
In this section we shall discuss the deformation generated by the twist (1.14). In analogy
with (2.13) we can define the corresponding universal R(2)-matrix. If we use the adjoint
representation (2.14) one gets that the expansion of quantum R(2)-matrix in powers
of deformation parameter contains all powers of 1/κ. The closed form of the adjoint
quantum R(2)-matrix looks as follows
R(2) = 1⊗ 1− i sinh ζ fαβγδ + (1− cosh ζ)f
2
αβγδ , (4.1)
where fαβγδ ≡ Mαβ ∧Mγδ. In the representation (2.14) we obtain that MαβMγδ ≡ 0,
i.e.
R(2) = 1⊗ 1− i sinh ζ Mαβ ∧Mγδ + (1− cosh ζ)M
2
αβ ⊥ M
2
γδ , (4.2)
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It can be checked that this quantum R(2)-matrix satisfy the quantum YB equation
R12R13R23 = R23R13R12 , (4.3)
where if R = Rα ⊗Rβ then R12 = Rα ⊗Rβ ⊗ 1 etc.
Again we apply the FRT procedure [23]. The relation
R(2)Tˆ1Tˆ2 = Tˆ2Tˆ1R(2) , (4.4)
leads to the following algebraic sector of the twist-deformed matrix Poincare´ group (see
(2.16))
[Tˆ AP , Tˆ
B
Q] = (1− cosh ζ)
∑
k=α,β
l=γ,δ
(δA{kδ
B
l}Tˆ
{k
P Tˆ
l}
Q − δ
{k
Qδ
l}
P Tˆ
B
{kTˆ
A
l}) (4.5)
+ i sinh ζ [(ηβQTˆ
B
α − ηαQTˆ
B
β )(ηδP Tˆ
A
γ − ηγP Tˆ
A
δ )
+(ηδQTˆ
B
γ − ηγQTˆ
B
δ )(ηαP Tˆ
A
β − ηβP Tˆ
A
α)
+(ηβATˆ αP − η
αATˆ βP )(η
γBTˆ δQ − η
δBTˆ γQ)
+(ηγATˆ δP − η
δATˆ γP )(η
αBTˆ βQ − η
βBTˆ αQ)] ,
where δA{kδ
B
l}Tˆ
{k
P Tˆ
l}
Q = δ
A
kδ
B
l Tˆ
k
P Tˆ
l
Q + δ
A
lδ
B
kTˆ
l
P Tˆ
k
Q. Putting Tˆ
µ
4 ≡ aˆ
µ i Tˆ νρ ≡ Λˆ
ν
ρ we
get the relations (4.5) in more explicit form
[aˆµ, aˆν ] = (1− cosh ζ)
∑
k=α,β
l=γ,δ
δµ{kδ
ν
l}aˆ
{kaˆl} (4.6)
+ i sinh ζ [(δµαaˆβ − δ
µ
βaˆα)(δ
ν
γaˆδ − δ
ν
δaˆγ)
−(δµγaˆδ − δ
µ
δaˆγ)(δ
ν
αaˆβ − δ
ν
β aˆα)] ,
or equivalently
[aˆµ, aˆν ]q = i sinh ζ [(δ
µ
αaˆβ − δ
µ
βaˆα)(δ
ν
γaˆδ − δ
ν
δaˆγ) (4.7)
−(δµγaˆδ − δ
µ
δaˆγ)(δ
ν
αaˆβ − δ
ν
β aˆα)] ,
where [aˆµ, aˆν ]q ≡ aˆ
µaˆν − aˆν aˆµ + (cosh ζ − 1)
∑
k=α,β
l=γ,δ
δµ{kδ
ν
l}aˆ
{kaˆl}. Additionally
[aˆµ, Λˆνρ] = (1− cosh ζ)
∑
k=α,β
l=γ,δ
δµ{kδ
ν
l}aˆ
{kΛˆl}ρ (4.8)
+ i sinh ζ [(δµαaˆβ − δ
µ
βaˆα)(δ
ν
γΛˆδρ − δ
ν
δΛˆγρ)
−(δµγ aˆδ − δ
µ
δaˆγ)(δ
ν
αΛˆβρ − δ
ν
βΛˆαρ)] ,
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and
[Λˆµτ , Λˆ
ν
ρ] = [Tˆ
µ
τ , Tˆ
ν
ρ]|Tˆ →Λˆ , (4.9)
with explicit form of rhs of (4.9) given by rhs of (4.5) with all five-dimensional indices
A, B, . . . replaced by four-dimensional ones µ, ν, . . . . We see that the generators
Mαβ , Mγδ, which describe the twist (1.14), distinguish two sets of indices A = {α, β}
and B = {γ, δ}. One obtains [Tˆ µτ , Tˆ
ν
ρ] 6= 0 only if at least one pair of upper or lower
indices comes from different sets A, B.
For our quantum group the coproduct, the counit and the antipode remain classical.
The relations (4.6) - (4.9) describe the real ζ-deformed Poincare´ group with ∗-involution,
(aˆµ)∗ = aˆµ, (Λˆµν)
∗ = Λˆµν if ζ
∗ = −ζ .
Subsequently we shall consider the deformed Minkowski space as Hopf algebra mod-
ule of the twist-deformed relativistic symmetries. Using the general formula (3.5) we
obtain the following ⋆ - product (let us recall that ω ◦ (a⊗ b) = ab)
xµ ⋆ xν = ω ◦ (e
i
2
ζ(xβ∂α−xα∂β)∧(xδ∂γ−xγ∂δ)xµ ⊗ xν) (4.10)
= ω ◦ xµ ⊗ xν + i sinh
ζ
2
ω ◦ [(xβηαµ − xαηβµ)⊗ (xδηγν − xγηδν )
−(xδηγµ − xγηδµ)⊗ (xβηαν − xαηβν)]
+ (cosh
ζ
2
− 1)ω ◦ [
∑
k=α,β
l=γ,δ
(xkδ
k
µ ⊗ xlδ
l
ν + xlδ
l
µ ⊗ xkδ
k
ν)] ,
xν ⋆ xµ = xµ ⋆ xν |µ↔ν ,
hence
[xµ, xν ]⋆ = ω ◦ [xµ, xν ]⊗ (4.11)
+ i sinh
ζ
2
ω ◦ [(ηα[µηγν]{xβ , xδ}⊗ − ηα[µηδν]{xβ, xγ}⊗
−ηβ[µηγν]{xα, xδ}⊗ + ηβ[µηδν]{xα, xγ}⊗]
+ (cosh
ζ
2
− 1)ω ◦ (
∑
k=α,β
l=γ,δ
δk[µδ
l
ν][xk, xl]⊗)
= i sinh
ζ
2
[ηα[µηγν]{xβ, xδ} − ηα[µηδν]{xβ , xγ}
−ηβ[µηγν]{xα, xδ}+ ηβ[µηδν]{xα, xγ}] ,
where ηα[µηγν] = ηαµηγν−ηανηγµ. In the formula (4.11) on rhs there is used the standard
Abelian multiplication of the functions of classical Minkowski space. If we use the
formula inverse to the one given in (4.10) expressing standard product in terms of star
products (see e.g. [27])
xµxν = ω ◦ (F
−1Fxµ ⊗ xν) = ωF ◦ (e
− i
2
ζ(xβ∂α−xα∂β)∧(xδ∂γ−xγ∂δ)xµ ⊗ xν) , (4.12)
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one obtains the following form of the relation (4.11)
[xµ, xν ]⋆ = i sinh
ζ
2
cosh
ζ
2
(ηα[µηγν]{xβ , xδ}⋆ − ηα[µηδν]{xβ, xγ}⋆ (4.13)
−ηβ[µηγν]{xα, xδ}⋆ + ηβ[µηδν]{xα, xγ}⋆)
− sinh2
ζ
2
(
∑
k=α,β
l=γ,δ
δk[µδ
l
ν][xk, xl]⋆) .
We may rewrite translation sector (4.6) in the form
[aˆµ, aˆν ] =
i
2
sinh ζ(δ[µαδ
ν]
γ{aˆβ, aˆδ} − δ
[µ
αδ
ν]
δ{aˆβ , aˆγ} (4.14)
−δ
[µ
βδ
ν]
γ{aˆα, aˆδ}+ δ
[µ
βδ
ν]
δ{aˆα, aˆγ})
+
1
2
(1− cosh ζ)
∑
k=α,β
l=γ,δ
δ
[µ
kδ
ν]
l [aˆ
k, aˆl] .
Putting k ∈ A and l ∈ B one gets the following non-vanishing commutators
[xk, xl]⋆ = i tanh
ζ
2
(ηαkηγl{xβ, xδ}⋆ − ηαkηδl{xβ, xγ}⋆ (4.15)
−ηβkηγl{xα, xδ}⋆ + ηβkηδl{xα, xγ}⋆) ,
[aˆk, aˆl] = i tanh
ζ
2
(δkαδ
l
γ{aˆβ, aˆδ} − δ
k
αδ
l
δ{aˆβ, aˆγ} (4.16)
−δkβδ
l
γ{aˆα, aˆδ}+ δ
k
βδ
l
δ{aˆα, aˆγ}) ,
which are the same for Minkowski space generators describing the Hopf module of
twisted Poincare´ algebra and for the translation sector of the corresponding quantum
Poincare´ group. One can add that both multiplications in the formulae (4.15), (4.16)
are associative which is guaranteed by the cocycle condition (2.5) [18].
5 Outlook
Introduction of quantum symmetries as described by Hopf algebras permits to preserve
the noncommutative structures depending on constant tensors and central elements.
Particularly efficient is the description of quantum groups generated by the classical
r-matrices satisfying classical Yang-Baxter algebra. It appears that in such a case
the quantization of the symmetry is due to the twist factor, modifying the coalgebra
structure. If A is the quantum symmetry module, the twist F with the tensor structure
F−1 = f (1) ⊗ f (2) determines the noncommutative multiplication in A (a, b ∈ A)
ωF(a · b) = (f (1)a)(f (2)b) . (5.1)
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The novelty of this paper is to consider in physical basis some explicit examples of twists
of Poincare´ algebra which provide linear and quadratic space-time commutators.
In this paper we consider only the Abelian twists, with commutative carrier algebras.
One can also introduce graded-Abelian twists, applied to super-Poincare´ algebra, and
obtain the covariance of deformed super-space relations [28]. The analogous discussion
can be applied as well to the non-Abelian twists, in particular to the simple Jordanian
twist for SL(2,C) [19] and its real forms. Such twists were classified by S. Zakrzewski
[29] and now are under consideration. The next step is to study the twisted quantum
symmetries and star product multiplication for quantum representation spaces in the
case of extended twists (see e.g. [20, 21]). In particular the noncommutative repre-
sentation spaces (e.g. quantum six-dimensional conformal space-time with signature
(++++−−)) can be studied in the case of twisted D = 4 conformal symmetries [30].
The twisted quantum geometries permit also to consider in explicit way as the rep-
resentation spaces the quantum fields on noncommutative space-time and consider the
noncommutative field theory with quantum group invariance. Following recent result
of Wess and all [27] one can also apply the twist deformation to infinite-dimensional
coalgebra of general coordinate transformations and deduce the definitions of the basic
geometric objects in gravity theory on noncommutative space-time.
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